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Abstract
In this note we revisit the subject of anomaly cancelation in string theory and M-theory on manifolds
with String structure and give three observations. First, that on String manifolds there is no E8 × E8
global anomaly in heterotic string theory. Second, that the description of the anomaly in the phase of
the M-theory partition function of Diaconescu-Moore-Witten extends from the Spin case to the String
case. Third, that the cubic refinement law of Diaconescu-Freed-Moore for the phase of the M-theory
partition function extends to String manifolds. The analysis relies on extending from invariants which
depend on the Spin structure to invariants which instead depend on the String structure. Along the way,
the one-loop term is refined via the Witten genus.
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1 Introduction
The DMW anomaly [9] in the comparison of the partition functions of M-theory and type IIA string theory is
given by the vanishing of the seventh integral Stiefel-Whitney class W7(X) of spacetime X . The cancelation
of this anomaly in [24] leads to the emergence of elliptic cohomology and other generalized cohomology
theories. The “String condition”, i.e. the vanishing of half the Pontrjagin class 12p1(X) is stronger than
vanishing of W7. There are also connections to generalized cohomology from the perspective of type IIB
(target) string theory [25] [26]. It is natural then to ask how much of a role the String condition plays in
global aspects of string theory. It is the purpose of this note to provide a few observations that provide one
step in shedding some light on this question.
Manifolds satisfying the String condition are called “ String manifolds” and are characterized by having
a String structure, i.e. with a lifting of the structure group of the tangent bundle from Spin = O〈3〉 to its
3-connected cover String = O〈7〉. Generic examples of String manifolds occur when the manifold is highly
connected. The simplest case is perhaps the spheres, which occur in the compactification of eleven- and
ten-dimensional supergravity (coupled to Yang-Mills) leading to gauged supergravity in lower dimensions
(see [10]). While compact manifolds X with special holonomy G2 and Spin(7) require a non-vanishing
p1(X) 6= 0 ∈ H4(X ;Z) [23], topological generalized such structures can be satisfied for manifolds with
vanishing p1 [46]: S
7 admits a topological generalized G2 structure and any manifold J of the form S
1×N7,
where N7 is a Spin manifold, admits a topological generalized Spin(7) structure, since J (trivially) satisfies
p1(J)
2− 4p2(J) = 0 and χ(J) = 0. Note that there is a difference between p1 being zero and 12p1 being zero,
due to the possible existence of 2-torsion. Furthermore, there even exist flat manifolds of finite holonomy
groups that have p1 6= 0 ∈ H4Z [29]. This is one justification for their use in models satisfying the equations
of motion.
The goal of this note is to point out the following:
(1) The global anomaly for heterotic string theory vanishes on String manifolds.
(2) The partition functions of M-theory and type IIA string theory match in the sense of [9] on String
manifolds.
(3) The description of the phase of the M-theory partition function as a cubic refinement [8] extends to
String manifolds.
One might wonder whether all what one needs to do to go from the Spin case to the string case is set
the first Pontrjagin class of the tangent bundle to zero, which would essentially make trivial the task we set
out to achieve. This turns out to be naive because we are considering global questions. In particular, we
are not guaranteed that the desired obstructions vanish. More precisely, we are trying to extend bundles
on String manifolds rather that on Spin manifolds, and the corresponding cobordism groups may introduce
new invariants and obstructions in going from the Spin to the String case. That we show that this is not the
case is not immediate and is in fact nontrivial. Mathematically, the results are possible due to the recent
calculations of MStringn (K(Z, 4)) for n ≤ 14 in the companion paper [21]. That paper provides the main
technical topological results and this note provides the analysis and geometry as well as physical motivation
and the corresponding consequences.
One might raise the following objection: If the anomaly vanishes for weaker condition then should it not
vanish for the stronger one? The answer is not obvious as all without nontrivial calculations, and in fact the
notions of “weaker” and “stronger” might be misleading in this context. We know that Ωspin11 (K(Z, 4)) = 0
but we are not guaranteed that the corresponding cobordism group on String manifolds vanish. We show
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that this is the case, i.e. that MString11 (K(Z, 4)) is zero, and hence there are no new obstructions and
the extension continues to be possible. A less nontrivial point is to check whether the string condition
is preserved in forming the 11-dimensional mapping torus and its corresponding 12-dimensional bounding
manifold. The global anomaly vanishes for S10 [47].
The objection would likewise be on both the cancelation of the DMW anomaly and the matching of
the phases of the partition function. On the former there are indeed no subtleties, but the latter requires
the analysis of subtle mod 2 invariants. In particular the question of extension of the Z2 invariant f(a +
b) − f(a) − f(b) of [9] becomes a question of extension on String manifolds of MString10(Z) rather than
MSpin(Z) for the Spin case, where Z is K(Z, 4)×K(Z, 4) or K(Z, 4)∧K(Z, 4). Indeed one of the results is
that MString10(Z) =MSpin10(Z), so that there are no new invariants, hence obstructions, beyond the one
coming from the Spin case.
Spin vs. String invariants. The topological invariants in the heterotic or the M-theory partition func-
tions depend explicitly on the choice of a Spin structure since Dirac operators are involved. That is why
the question of anomaly cancellation involves Spin bordism groups. However they do not depend by con-
struction on the choice of a String structure. Therefore, for those original invariants, one simply does not
need to consider extension problems for manifolds with String structure. However, this would be needed for
topological invariants which depend explicitly on the choice of a String structure. To that end, we discuss a
certain refinement of the M theory partition function relying on topological invariants which depend on the
choice of a String structure.
We study the one-loop term in M-theory and provide a refinement to q-expansions via the Witten genus.
The consequences for M-theory are as follows. The one-loop polynomial I8 appearing from the M5-brane
worldvolume corresponds in the M-theory Lagrangian, via anomaly inflow, to the one-loop term I1−loop =
−I8 ∧ C3 [44] [12]. Thus, this topological term in M-theory will admit a similar elliptic refinement. As the
topological terms in M-theory, namely the Chern-Simons term ICS =
1
3C3 ∧G4 ∧G4 and the one-loop term
I1−loop, together with the Rarita-Schwinger field, make up the main contribution to the partition function
of the C-field, this leads to q-expansions in the M-theory action. We provide another interpretation of such
expansions via replacing ordinary G bundles with corresponding loop bundles. The phase of the partition
function will also admit such a refinement. We study this via a refinement of the Atiyah-Patodi-Singer index
theorem [1] to the case of q-bundles in the sense of [6] [14]. The dimensional reduction, via the adiabatic
limit on the M-theory circle, of the elliptically refined eta invariant will lead to refined eta-forms in ten
dimensions, making connection to the discussion in [37]. In type IIA, the q-refinement of the mod 2 index
of the Dirac operator in relation to the partition function has already been discussed in [24] [38].
Eleven-dimensional supersymmetry relates the one-loop term C3 ∧ I8 to a (curvature)4-term [20] and
to other (yet not fully determined) terms that enter in the effective action. While the effective action of
the compactified theory depends nontrivially on moduli fields associated with the geometry of the com-
pact manifold, this dependence is restricted by consistency with the duality symmetries in ten and lower
dimensions. For tori, this demonstrated in [15] [17]. The exact BPS (curvature)4-couplings in M-theory
compactified on a torus are obtained in [34] [35] from the toroidal BPS membrane, using the point of view
that the eleven-dimensional membrane gives the fundamental degrees of freedom of M-theory. This involves
modularity coming from wrapped membranes.
In section 2 we provide the invariants which depend on the String structure. Later in section 3 we give
the results listed above in the third paragraph of the introduction
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2 The Refined Invariants
In this section, we propose the invariants that would replace those invariants which depend on the choice
os Spin structure. The invariants we use will likewise depend (in general) on the choice of String structure.
Explicit examples are given in [39], following the constructions of [36] [5] [6]. This can be seen most easily
for the case of a three-dimensional sphere where the choice of framing is the same as the choice of String
structure, on which the invariants depend. In our current case we can, for instance, take our eleven-manifolds
Y 11 to be products of S3 with eight-dimensional factors.
2.1 Motivation for the invariants
We start by providing motivation for refinement of the one-loop term in M-theory.
I8 vs. Index and why String structure: from type IIA. Consider the topological part of the action
in type IIA string theory, which involves the B-field with its field strength H3. Since I8 does not have
integral periods then a coupling of the form exp[2πi
∫
X10 B2 ∧ I8] would not be well-defined in the presence
of topologically nontrivial B-fields. This led the authors of [3] to provide the following solution. The last
sentence in the previous paragraph means that the term exp[2πi
∫
X10 B2∧30Â8] is well-defined. However, in
order for the remaining term exp[2πi
∫
X10
B2∧ 18λ2] to be obtained from a gauge-invariant partition function,
the condition [(λ+2ρ)∧H3]dR = 0 is proposed in [3], where ρ is a closed 4-form with integral periods. Now
we see that one simple way of satisfying the above condition is to require triviality of λ. This means that
we have a String structure, that is our manifold X8 has a lifting of the structure group to the 3-connected
cover of the Spin(10). So what we have is an expression, which is essentially an index, valid when we impose
the String condition. This observation will be important for us.
Anomaly cancellation via the elliptic genus: from heterotic string theory. Consider heterotic
string theory on a Spin ten-manifold M10. Here in addition to the tangent bundle there is also a gauge
bundle with connection of curvature F . Because of modular invariance, the anomaly in this theory always
has a factorized form [42]
I12(F,R) =
1
2π
(TrF 2 − TrR2) ∧X8(F,R) , (2.1)
where X8(F,R) is the Green-Schwarz anomaly polynomial. This anomaly can be cancelled by the following
term in the effective action [18] [19] [30]
Sc =
∫
M10
B2 ∧X8(F,R) . (2.2)
There is an interpretation in terms of the elliptic genus [30] [31]. The anomaly is given by the constant term
of weight two of the 12-form in the elliptic genus
I12(F,R) = φell(q, F,R)|12−form coeff. of q0 . (2.3)
The terms which violate modular invariance can be factored out of the character-valued partition function
φell(q, F,R) = exp
(
− 1
64π4
E2(q)(TrF
2 − TrR2)
)
φ˜ell(q, F,R) , (2.4)
where φ˜ell(q, F,R) is fully holomorphic and modular invariant of weight 4, that is it can be expressed in terms
of the Eisenstein function E4(q), and E2(q) is the non-modular Eisenstein series of weight 2 (see expression
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(2.9)). These can be written in terms of a parameter τ ∈ H in the complex upper half plane via q = e2piiτ .
Interestingly, the anomaly canceling terms are encoded in a τ -integral over the fundamental domain F of
the weight zero terms of the modified elliptic genus [31]
φell(q, F,R) = exp
(
− 1
64π4
π
Imτ
(TrF 2 − TrR2)
)
φ˜ell(q, F,R) , (2.5)
namely
− 1
64π2
∫
F
d2τ
(Imτ)2
φell(q, F,R)|8−forms = X8(F,R) . (2.6)
For comparison with our case, let us highlight some features of this [30] [31]:
1. Essentially the same function that captures the anomaly also governs the cancellation of that anomaly.
2. The integrands have a nontrivial dependence on the modular parameter τ , reflecting contributions not
only from physical massless states but also from an infinity of ‘unphysical’ modes. This is in contrast
to what happens in field theory, signaling that string theory should not be thought of merely as a
superposition of an infinite number of point particle field theories.
3. The interest in the structure of the anomaly canceling terms was not to prove that the anomaly cancels,
but to understand how it cancels.
Now in the case of M-theory, we can have essentially the same line of reasoning for all three points above,
which refer to heterotic string theory. First, the anomaly involves I8, which is the same term (up to a sign)
which cancels that anomaly. Second, M-theory is more unlike field theory than is string theory, and hence
we also expect an important role for seemingly unphysical infinite modes. Third, indeed, understanding how
the anomaly cancels allows us to provide a generalization, namely the elliptic refinement. We will explore
similar features for type IIA string theory. The case for similarity between heterotic string theory and type
IIA string theory is already made in [44], which we consider next to further motivate our proposal.
The one-loop term in type IIA via modularity. Duality, such as that between heterotic string theory
and type IIA string theory, tends to exchange worldsheet and spacetime effects (cf. [11]). Torsion in
cohomology shows up in the worldsheet global anomalies in the heterotic string, so that on the type IIA side
this would appear in spacetime global anomalies. So we expect a similar situation as in [31] to take place on
the spacetime side in type IIA. Let us highlight an important aspect of this. In [44] it is shown that in ten-
dimensional type IIA there is a one-loop contribution to the effective action of the form δS =
∫
X10
B2 ∧ I8.
The computations that lead to this term are similar to those of [31] leading to the above anomaly cancellation
in heterotic string theory, even though type IIA string theory in non-chiral. The one-loop computation on
X10 = T 2 ×M8 involves integrating over the fundamental domain M corresponding to odd (even) Spin
structure for the left- (right-) moving fermions on the torus. The integral is
δS = B2 · −i
4
∫
M
d2τ
2πImτ
· π
Imτ
φell(q) . (2.7)
This is reduced to an integral over the boundary of the moduli space. Furthermore, the elliptic genus is
replaced with the massless contribution:
1. In the (NS, R) sector, which is fermionic, the massless contribution of φell(q) computes the index n
NS,R
of the Dirac operator coupled to TM given by nNS,R :=
∫
M8
INS,R8 =
∫
M8
2IB8 + 3I
λ
8 .
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2. In the (R, R) sector, which is bosonic, the massless contribution of φell(q) computes the index n
R,R of
the Dirac operator coupled to the Spin bundle SM given by nR,R :=
∫
M8 I
R,R
8 =
∫
M8 −2IB8 .
Then the result in two dimensions is δS = ipi24 (2n
NS,R−nR,R)B2. Thus, the one-loop polynomial (and hence
one loop term) in type IIA enters in the anomaly via the elliptic genus.
Type IIB string theory. This string theory is invariant under worldsheet parity. However, the term∫
B2 ∧ I8 is odd under B2 7→ −B2, so that such a term is absent in type IIB string theory. Indeed, this is
demonstrated explicitly in [7].
Topological String structures. A topological String structure αtop is by definition a “trivialization”
of the Spin characteristic class 12p1(TM) ∈ H4(M ;Z) (see [5] [6]). A String manifold (M,αtop) is a Spin
manifoldM with a chosen topological String structure αtop on the Spin bundle. The Thom spectrum MString
can be realized as bordism classes of closed String manifolds [M,αtop], i.e. manifolds with a String structure
on their tangent bundle. The morphism i : MString∗ → MSpin∗ forgets the topological String structure, i.e.
is given by i([M,αtop]) = [M ].
Remark on connection to other proposals. A proposal for refining field strength G4 of the C-field is
given in [27], where the main idea is to replace G4 essentially with G4E4(q), where E4(q) is the Eisentein
series, a modular form of weight 4. This replacement is related to what we propose in this paper in the
following sense. Consider the one-loop term lifted to twelve dimensions, that is G4 ∧ I8. This terms gets
q-expansions via refining either G4, or I8 (or both). What we do in this paper is the latter. Since the
corresponding refinement involves E4(q), we see that both refinements are essentially the same, as far as the
one-loop term is concerned. However, the method we provide is motivated by anomaly cancellations and
hence seems more physically justified.
2.2 The Witten genus
The Witten genus is given by the series in the formal variables x and q (see [22])
φW (x, q) :=
x
2
sinh(x2 )
∞∏
n=1
(1− qn)2
(1− qnex)(1 − qne−x)
= exp
[
∞∑
k=2
2
(2k)!
E2k(q)x
2k
]
eE2(q)x
2
= θW (x, q)e
E2(q)x
2 ∈ Q[[q]][[x]] . (2.8)
Here E2k(q) := −B2k4k +
∑∞
n=1 σ2k−1(n)q
n ∈ Q[[q]] is the Eisenstein series, with the Bernoulli numbers B2k
and the sum σ2k−1(n) of the (2k − 1)th powers of the positive divisors of n. For k ≥ 2 the power series
E2k(q) is the q-expansion of a modular form of weight 2k. The constant term in E2k(q) is rational while the
higher terms are integral. The Einsenstein function E2 =
∑
m,n∈Z(mτ +n)
−2 is not a modular function, but
transforms in an anomalous way
E2
(
aτ + b
cτ + d
)
= (cτ + d)2E2(τ)− 2πic(cτ + d) . (2.9)
A modular function Eˆ2(τ) can be built out of E2(τ) on the expense of losing holomorphicity in τ , Eˆ2(τ) =
E2(τ)−π/Im(τ). Note that φW (x, 0) is the Â-genus, with the formal variable x giving the Pontrjagin classes
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via the generating formula
∑
i≥0 pi =
∏∞
i=1(1+x
2
i ). When x
2 = 0, i.e. p1 = 0, the dependence of the Witten
genus on E2 is removed and hence modularity is restored [49].
Multiplicative series and q-expansions. For k ≥ 1, consider the Newton polynomials N2k(p1, · · · ) =∑∞
j=1 x
2k
j ∈ Q[[p1, p2, · · · ]], and consider the two series in Q[[q]][[p1, p2, · · · ]] defined in [6] as
Φ(p1, · · · ) = exp
[
∞∑
k=2
2
(2k)!
E2kN2k(p1, · · · )
]
eE2p1 (2.10)
Φ˜(p1, · · · ) = exp
[
∞∑
k=2
2
(2k)!
E2kN2k(p1, · · · )
]
∞∑
j=1
Ej2p
j−1
1
j!
= Θ
eE2p1 − 1
p1
, (2.11)
where Θ :=
∏∞
i=1 θW (xi) ∈ Q[[q]][[p1, p2, · · · ]]. With N2 =
∑∞
j=1 x
2
j = p1 and N4 =
∑∞
j=1 x
4
j = p
2
1 − 2p2, we
find that the degree eight components of (2.10) and (2.11), respectively, are
Φ8 =
1
12
E4(p
2
1 − 2p2) +
1
2
E22p
2
1 , (2.12)
Φ˜8 = E2
[
1
12
E4(p
2
1 − 2p2) +
1
3!
E22p
2
1
]
. (2.13)
Imposing the String condition, 12p1 = 0 (or, rationally, p1 = 0), gives
Φ8 = −1
6
E4p2 , Φ˜8 = −1
6
E2E4p2 . (2.14)
Using E4 = 1 + 240
∑∞
n=1
n3q2n
1−q2n and E2 = − 124 + q + · · · , the expressions (2.14) admit the following q-
expansions
Φ8 = −1
6
p2 + Ø(q) , Φ˜8 =
1
144
p2 +Ø(q) . (2.15)
We therefore see that the q = 0 term of Φ8 is, up to a sign, the obstruction to having a Fivebrane structure
[40] [41] and the q = 0 term of Φ˜8 is three times the one-loop term I8.
Virtual bundles. The above genera have another description, namely, one can view them as corresponding
to ordinary Dirac operators coupled to infinite formal symmetric powers of an underlying finite-dimensional
bundle. Corresponding to a real l-dimensional bundle V , define the formal power series of virtual bundles
R(V ) :=
∑
n≥0
qnRn(V ) =
∏
k≥1
(1− q)2l
⊗
k≥1
Symqk(V ⊗R C) , (2.16)
where Symq(V ) :=
⊕
n≥0 q
nSymn(V ) is the generating power series of the symmetric powers Symn(V ) of
the bundle V . For a manifold M , the following topological index formula holds [6]
Φ(p1(TM), · · · ) = Â(TM) ∪ ch(R(TM)) . (2.17)
2.3 Refined geometric invariants for the topological terms in M-theory
Geometric String structures. A geometric refinement α of the topological String structure αtop trivial-
izes this class at the level of differential forms, that is [36] [45] α gives rise to a form Cα ∈ Ω3(Y 11) such that
dCα =
1
2p1(∇m). This is essentially the C-field as explained in [39]. If ∇V is a connection on a real vector
6
bundle V → Y 11 over some manifold Y 11, then the Chern-Weil representative of the ith Pontrjagin class
will be denoted pi(∇V ) ∈ H4i(Y 11;Z). Let Y 11 be a closed seven-manifold with a Spin structure SY 11 and
a topological String structure αtop and Levi-Civita connection ∇TY . Let V → Y 11 be a real vector bundle
with a metric hV and connection ∇V . The twisted Dirac operator DY ⊗ V acts on sections of the bundle
SY 11 ⊗R V . Call a Riemannian Spin manifold a geometric manifold Y. In the presence of V , we also have
a geometric bundle V := (V, hV ,∇V ), in the sense of [6]. The refined eta invariants require a taming [6].
A taming of DY ⊗ V is a self-adjoint operator Q acting on Γ(S(Y 11) ⊗ V ) and given by a smooth integral
kernel such that DY ⊗ V + Q is invertible. Such a taming always exists in eleven dimensions. In Physical
terms, we interpret a taming as the Pauli-Villars regularization imaginary mass term im.
String structures and higher powers on Z12 vs. on Y 11. Consider the String manifold (Z12, βtop)
with topological String structure βtop and boundary Y 11. The tangent bundle decomposes as TZ12|Y ∼=
TY 11 ⊕ ØR. The trivial bundle ØR := Y 11 × R has a canonical String structure. Then the decomposition
implies that Y 11 has an induced String structure αtop. Thus, starting from a String twelve-manifold we get
an eleven-dimensional String boundary with an induced topological String structure. Let [Z12] ∈ MSpin12
be a homotopy class represented by a closed 12-dimensional Spin manifold Z12. The Witten genus in twelve
dimensions is a morphism of ring spectra R : MSpin12 → KO[[q]]12 ∼= Z[[q]], and is given by (see [22])
R([Z12]) =
1
2
Ind(DZ ⊗ R(TZ12)) = 1
2
〈Φ, [Z12]〉 . (2.18)
The secondary invariants. The secondary invariant s(Y 11, α) requires the existence of a Spin zero bor-
dism Z12 of the String manifold (Y 11, α). This is always possible as the String cobordism group in eleven
dimensions is zero. Choose a connection ∇Z extending the connection ∇Y on the tangent bundle TY 11 of
Y 11. Consider also the trivial bundle ØR = Y
11×R with the trivial connection. resulting from the restriction
TZ12|Y 11 ∼= TY 11 ⊕ OR. Both connections induce a connection on the virtual bundles Rn(TY 11 ⊕ ØR) for
all n ≥ 0. At the level of differential forms, for a twelve-manifold Z12, formula (2.17) gives
Φ(p1(TZ), · · · ) = Â(TZ12) ∪ ch(R(TZ12) ∈ Ω4∗(Z12)[[q]] . (2.19)
Applying [6] to our case, the analytical and geometric secondary invariants are given by the formal power
series
san(Y 11, α, t) :=
∫
Y 11
Cα ∧ Φ˜8(∇Y ) + 1
2
∑
n≥0
qnη(Rn(TY
11 ⊕ØR)) ∈ R[[q]] , (2.20)
sgeom(Y 11, α,∇Z) :=
∫
Y 11
Cα ∧ Φ˜8(∇Y )− 1
2
∫
Z12
Φ12(∇Z) ∈ R[[q]] , (2.21)
where the expression san is a String cobordism class of the String manifold (Y 11, αtop), and the cohomology
classes match [san] = [sgeom]. Now, the integrands in (2.21) involves the expressions
Φ˜8 =
1
12
E2
[−E4p2 + (2E22 + E4)p21] (2.22)
Φ12 =
1
12
[
E2E4p1(p
2
1 − 2p2) +
1
20
E6(p
3
1 − 3p1p2 + 3p3)
]
. (2.23)
Applying the String condition, these give
Φ˜8|λ=0 = − 1
12
E2E4p2 =
1
25 · 32 p2 +O(q) and Φ12|λ=0 =
1
80
E6p3 =
1
23 · 32 p3 +O(q) , (2.24)
7
respectively. Note that in the zero mode case in twelve dimensions, the addition of the Chern-Simons term
LCS =
1
6G4 ∪G4 ∪G4 to the one-loop term L1−loop = −I8 ∧G4 leads to a cancellation of the top Pontrjagin
class p3. The same would happen here so that the two expressions coincide after taking cohomology classes, as
in the case of the M5-brane. We see that the integrand in san(Y 11, α, t) is of the form 16
∫
Y 11 Cα∧I8|λ=0+O(q).
2.4 The reduction to ten dimensions and eta forms
We now consider Y 11 to be a circle bundle over a ten-manifold X10, over which type IIA string theory is
taken. We consider the effects of the modes of this M-theory circle on analytical quantities which enter into
the definition of the phase of the partition function.
Higher powers as higher modes of the 11th Rarita-Schwinger bundle. Let S(S1) be the Spin
bundle associated to the vertical tangent bundle (TS1, gS1) on Y
11. The lift of the connection ∇|TS1 to TS1
is denoted by ∇S1 . Let R be an integral power operation Z[Λi, i = 0, 1, 2, · · · ] or Z[Symi, i = 0, 1, 2, · · · ],
where Λ and Sym denote antisymmetric and symmetric powers, respectively. 1 The connection ∇S1 lifts
naturally to R(TY 11), which we denote ∇R. For any fiber S1, let DS1,R be the Dirac operator acting on
Γ
(
S(S1)⊗ TS1 ⊗ R(TY 11|S1)
)
defined as
DS1,R(ψz ⊗ r) = c(ξ)∇ξψz ⊗ r + c(ξ)ψz ⊗∇ξr , (2.25)
where ψz ∈ Γ(S(S1)) and r ∈ Γ(R(TY 11)). Note that we are considering the derivative with respect to
the 11th direction, something that goes beyond previous treatments. Thus, in a sense, we are considering
the vertical components of the Rarita-Schwinger operator, taking into account higher Fourier modes ’of the
circle in the eleventh direction.
We now consider the zero modes of the operator DS1,R. Applying [50] [51], the space ker(DS1,R) is of
constant rank and forms a vector bundle over X10 with
ker(DS1,R) = R(TX
10 ⊕OR) . (2.26)
Thus, the kernel of the vertical Dirac operator is given by the bundle of powers of the tangent bundle. This
effect, which improves what was considered in [33], shows that the Fourier modes for the M-theory circle
correspond to powers of the split tangent bundle.
Geometric representative of the Euler class of the circle bundle. Let πS
1
be the orthogonal
projection on TS1 with respect to gY . In addition to the Levi-Civita connection ∇LC , let ∇ be a connection
on TY 11 defined as (cf. [4])
∇zvz = πS1(∇LCz vz) , ∇µvz = πS
1
(∇LCµ vz) ,
∇zvµ = 0 , ∇µvν = ∇Xµ vν , (2.27)
for v a vector with z-component along the eleventh direction or µ-component along X10. As indicated in [?],
this is more general than the usual Kaluza-Klein and Scherk-Schwarz settings for dimensional reduction in
the sense of allowing ∇µvz to be nonzero in general. Define a tensor S by S = ∇LC −∇. Then, for ξ ∈ TS1
the unit vector field determined by gY and the Spin structure on TS
1, the formula S(ξ)(ξ) = 0 holds [51].
1For the Witten genus, we considered only symmetric powers in (2.16).
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The torsion T of ∇ defined by Tµν = −Sµν + Sνµ. Let ξ∗ ∈ T ∗S1 be the dual of ξ. Then, since ∇LC is
torsion-free, we have the pairing
〈T (U, V ), ξ〉 = dξ∗(U, V ) , U, V ∈ TX10 . (2.28)
Therefore, T determines a 2-form in Λ2(T ∗X10) such that 12piT represents the Euler class e of the line bundle
corresponding to the circle bundle and can be viewed as the Ramond-Ramond 2-form F2 [?].
Adiabatic limit of eta invariant for the circle bundle. Consider the metric gY,t = gS1⊕ 1tπ∗gX on Y 11
with Levi-Civita connection ∇L,t. The limit t→ 0 of the connection gives (cf. [4]) limt→0∇L,t = ∇+ πS1S.
Since ∇ preserves the splitting TY 11 = TS1 ⊕ TX10, then πS1S does not contribute to the characteristic
forms of the power bundle R(TY 11). Let StY
11 be the Spin bundle of (Y 11, gY,t) and StX
10 the Spin bundle of
(X10, 1t gX). Then StY
11 = S(S1)⊗StX10. Consider spinors Ψ ∈ Γ(StY 11) and polyvectors v ∈ Γ(Rt(TY 11))
on Y 11. For any t > 0, the Dirac operator DtY,R is the differential operator acting on Γ(StY
11 ⊗ Rt(TY 11)),
DtY,R(Ψ ⊗ v) = c(ξ)∇L,tξ Ψ⊗ v + c(ξ)Ψ ⊗∇L,tξ v +
√
t
10∑
i=1
(
c(ei)∇L,tei Ψ⊗ v + c(ei)Ψ ⊗∇L,tei v
)
. (2.29)
Then DtY,R is a self-adjoint elliptic first order differential operator on Γ(StY
11 ⊗ Rt(TY 11)). The limit
limt→0 η(D
t
Y,R) exists in R/Z. The adiabatic limit of the eta invariant is interpreted in [33] [37] as the phase
of the partition function in the semiclassical limit of the dimensional reduction from M-theory to type IIA
string theory. Assuming the kernel is a vector bundle, as is the case above, then [50]
lim
t→0
η(DtY,R) ≡ η(DX,R(TX⊕R)) +
1
(2πi)5
∫
X
Â(iRX) ∧ η̂ mod Z , (2.30)
where η̂ are the eta-forms on X10 and Â(iRX) is the differential form representative of the Â-genus defined
using the curvature RX on X10. Since X10 is even-dimensional, the eta invariant vanishes, and so we have
η(DX,R(TX⊕R)) =
1
2dim ker(DX,R(TX⊕R)). Then, from [50] [51], we get
lim
t→0
η(DtY,R) ≡
1
2
dim ker(DX,R(TX⊕R)) +
〈
Â(TX10)ch(R(TX10 ⊕ R)) · tanh( e2 )− e2
e tanh e2
,
[
X10
]〉
mod Z .
(2.31)
This generalizes the discussion in [33] [37] to include higher modes of the M-theory circle as well as higher
powers of the bundles.
2.5 The phase and the modular Atiyah-Patodi-Singer index
Our discussion above on higher powers of bundles is related to our earlier discussion on q-expansions in the
context of elliptic genera. We will make use of such a connection in this section, at least formally as our
main interest is modularity. This complements the discussion in [37].
The APS index theorem can be extended purely formally to graded bundles or q-bundles. Suppose that
Er, r ≥ 0, is a sequence of vector bundles and write Eq =
⊕
r≥0Erq
r, where q is a formal variable. The
Dirac operator can be twisted with the finite-dimensional Er to get D
+
Er
= D+r . This can be extended to all
of Eq to get D
+
q =
∑
r≥0D
+
r q
r : Γ(S+ ⊗ Eq)→ Γ(S− ⊗ Eq). The index of D+q is the formal power series
ind(D+q ) =
∑
r≥0
ind(D+r )q
r =
∑
r≥0
(dim ker(D+r )− dim coker(D+r ))qr . (2.32)
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The operators D+r and D
+
q restricted to the boundary Y
11 of Z12 give the twisted Dirac operators Dr,Y
and Dq,Y =
∑
rDr,Y q
r. The eta invariant of a twisted Dirac operator Dq is the formal series ηDq (q) =∑
r≥0 ηDrq
r. The q-analog of the number of zero modes is
h(q) = dimker(Dq) =
∑
r≥0
dimker(Dr)q
r . (2.33)
The formal Chern character can also be defined as ch(Eq) =
∑
r≥0 ch(Er)q
r. Applying the APS index
theorem to each twisted Dirac operator and adding, keeping track of the grading, gives that the formal
twisted Dirac operator D+q with the APS boundary condition has index (see [14])
ind(D+q ) =
∫
Z12
ch(Eq)Â(Z)−
hDq,Y (q) + ηDq,Y (q)
2
. (2.34)
Of course the above works for any 4k-dimensional manifold with boundary, with our main cases being k = 3
for M-theory and k = 2 for the M5-brane.
In [14] a new invariant ηW (q) of framed manifolds Y
4k−1 is defined which, as a power series, is also a
modular function (modulo the integers). For example, there are framings of the spheres S4k−1 = ∂D4k for
which ηE(q) are expressed in terms of an Eisenstein series E2k(τ).
Eta invariants and the Witten genus. Consider The Dirac operator twisted by SqTZ
4k. Its index
under the global APS boundary condition is related to the Witten genus by [14]
φW (∂Z
4k)ηd(τ)
−4k =
1
2
(hW + ηW ) , (2.35)
where ηd(τ) = ηd(q) := q
1/24
∏
n≥1(1 − qn) is the Dedekind eta-function and hW and ηW are the q-refined
number of zero modes and the refined APS eta-invariant, respectively. Since the index and the kernel
dimensions h are integers, then
1
2
ηW ≡ 1
2
φW ηd(τ)
−4k mod Z . (2.36)
Example: Disks and spheres. On (D4k, S4k−1) the eta invariant is 12ηW (S
4k−1) ≡ E2k(τ)ηd(τ)−4k mod
Z. For k = 2 and k = 3, respectively, this gives
1
2
ηW (S
7) ≡ E4(τ)ηd(τ)−8 mod Z , (2.37)
1
2
ηW (S
11) ≡ E6(τ)ηd(τ)−12 mod Z . (2.38)
We see that the Eisenstein series E4 and E6 appear in relation to the M5-brane and spacetime in M-theory,
respectively. In addition, the former also appears when considering M-theory on decomposable manifolds,
due to the composite nature of the topological parts of the action.
We hope to consider in the future further relations between M-theory on one hand and modularity and
the Witten genus on the other.
3 The Results on Global Anomalies and the Partition Functions
Having provided motivation and corresponding invariants to be used for the refinement of anomalies from
the Spin to the String case, we now start with presenting the results listed in the introduction.
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3.1 Global Anomalies in D = 10, N = 1 Supergravity
We consider the following setting. An E8×E8 bundle V1⊕V2 on a ten-dimensional manifoldM10. We assume
M10 to have a String structure, ie. that the spin bundle SM10 ofM10 admits a lifting of the structure group
from Spin(10) to its 7-connected cover String(10). The condition for such a lift is given by λ(TM10) = 0,
where λ = 12p1 is half the Pontrjagin class.
Due to the homotopy type of E8, the E8 × E8 bundle on M10 is completely characterized by the degree
four class
a(V1 ⊕ V2) = a(V1) + a(V2), (3.1)
where a = 12p1. The anomaly cancelation condition is given by
λ(TM10)− a(V1 ⊕ V2) = 0. (3.2)
Assuming M10 to admit a String structure implies that
a(V1 ⊕ V2) = 0. (3.3)
Note that this does not necessarily imply that each factor is separately zero. We will thus take the condition
to be
a(V1) = −a(V2), (3.4)
so that V1 has characteristic class a if and only if V2 has corresponding class −a. Note that every class in
K(Z, 4) represents the characteristic class of an E8 bundle. We have the following fact from [48]
Lemma 3.1. The effective action of heterotic string theory is invariant under diffeomorphisms ϕ : M10 →
M10 that admit a lift to the spin bundle of M10 and to V1 ⊕ V2.
Global anomalies are concerned with diffeomorphisms and/or gauge transformations that are not con-
nected to the identity. The main question here is the string analog of the question raised in the spin case in
[48]: Is the effective action of N = 1 supergravity with group E8 × E8 invariant under such ϕ?.
The study of global anomalies requires considering the mapping cylinder
X11 =
(
M10 × S1)
ϕ
=
(
M10 × I) /(x, 0) ∼ (ϕ(x), 1), (3.5)
and asking whether the bundles extend to X11.
Lemma 3.2. i. If M10 is a string manifold then so is X11.
ii. The bundle V1 ⊕ V2 can be extended to an E8 × E8 bundle over X11.
iii. X11 bounds a 12-dimensional string manifold B12.
Proof. The first part follows from the multiplicative behavior of the Spin characteristic classes under Whitney
sum. For part (ii), note that the String analog of lemma (3.1) holds. Then the action of φ on V1⊕V2 leads to
the identification of the fiber of V1 ⊕ V2 at (φ(x), 1) with the fiber at (x, 0). For the third part we have from
[16] that MString11(pt) = 0 and thus any 11-dimensional string manifold bounds a 12-dimensional string
manifold.
We now have
Proposition 3.3. The bundle V1 ⊕ V2 extends from X11 to an E8 × E8 bundle W1 ⊕W2 over B12. Fur-
thermore, we can have a(W1 ⊕W2) = 0.
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Proof. V1 extends over B
12 if and only if the cohomology class a(V1) extends to a cohomology class in
H4(B12;Z). Considering the pair (X11, β). This vanishes if X11 bounds a String manifold B12 over which
the class β ∈ H4(X11;Z) can be extended. This means that the pair is an element of the cobordism group
Ω11 (K(Z, 4)). It is shown in [21] that MString11 (K(Z, 4)) is zero. Therefore there is no obstruction and so
B12 can always be chosen so that V1 extends to an E8 bundle W1 over B
12.
Next we extend V2. Corresponding to the inclusion ι : X
11 →֒ B12, the tangent bundle of B12 decomposes
as
TB12|X11 = TX11 ⊕N , (3.6)
where N is the normal bundle of X11 in B12. Being a trivial real line bundle, N does not change the fact
that the class λ of TX11 is zero, i.e.
λ(TX11) = λ(TX11 ⊕O) = 0. (3.7)
extends to a trivial cohomology class in H4(B12;Z). Since a(V1) extends to a(W1) ∈ H4(B12;Z) then
β = −a(W1) is an element of H4(B12;Z). Therefore, V1 and V2 both extend over B12. Furthermore, the
extension can be done in such a way that a(W1) = −a(W2).
Theorem 3.4. There are no global anomalies for E8 × E8 bundles V1 ⊕ V2 on string manifolds M10.
Proof. Given that (M10×S1)ϕ bounds a string manifold B12 over which V1⊕V2 can be extended, the change
in the effective action S under ϕ will be as in the spin case [47] [48]
∆S = 2πi
[∫
B12
(
tr1F
2 + tr2F
2 − trR2) ∧ I8 − ∫
(M10×S1)ϕ
H3 ∧ I8
]
, (3.8)
where
• F is the curvature of the E8 bundle so that triF 2 is the Chern class of the bundle Wi, i = 1, 2,
• R is the curvature of the tangent bundle TB12, so that trR2 is the Pontrjagin class,
• I8 is the Green-Schwarz anomaly polynomial in characteristic classes of the gauge and tangent bundles,
and hence satisfies dI8 = 0.
Since V1 ⊕ V2 extends to W1 ⊕W2 on B12 such that a(W1) + a(W2) = 0 = λ(TB12) and hence (trivially)
that a(W1 ⊕W2) + λ(TB12) = 0, then the classes are trivial in cohomology and hence exact. Then H3 can
be defined to obey
dH3 = tr1F
2 + tr2F
2 − trR2 (3.9)
not just on the mapping cylinder (M10 × S1)ϕ but also on the bounding manifold B12. Inserting (3.9) in
(3.8) we get
∆S = 2πi
[∫
B12
dH3 ∧ I8 −
∫
(M10×S1)ϕ
H3 ∧ I8
]
. (3.10)
Now using Stokes’ theorem for (M10 × S1)ϕ = ∂B12 the invariance result ∆S = 0 follows.
12
3.2 Refinement of the M-theory/IIA partition Function
The setting for the comparison of M-theory and type IIA string theory is as follows. M-theory is ‘defined’
on the eleven-dimensional total space Y 11 of a circle bundle with base X10, a ten-dimensional manifold on
which type IIA string theory is defined. Both spaces X10 and Y 11 are usually taken to be Spin manifolds
and they have additional structures on them. On Y 11 there is an E8 bundle V . Due to the homotopy type
of E8 up to dimension 14, V over Y
11 is completely characterized by a degree four class a as above. Various
kinds of spinors are defined on both Y 11 and X10. In particular, for our purposes, there are elements λ of
Γ(SY 11 ⊗ V ), i.e. sections of the spin bundle SY 11 coupled to the E8 vector bundle. On X10, in addition
to spinors, there are also the Ramond-Ramond (RR) fields of even degrees. In particular, there is a degree
four field F4. Such fields are images in cohomology of K-theory elements x, as they obey the quantization
condition [32] [13] F :=
∑5
i=0 F2i =
√
Â(X10) ch(x).
The comparison of the E8 gauge theory description of M-theory to the K-theoretic description of type
IIA string theory was performed in [9] at the level of the partition functions and is shown to agree upon
dimensional reduction, i.e. integration over the S1 fiber. The comparison involves those cohomology classes
that lift to K-theory and the identification involve subtle torsion and mod 2 expressions.
Definition 3.5. The phase of the M-theory partition function on an eleven-dimensional spin manifold Y 11
is [9] Φa = (−1)f(a), where f(a) is the mod 2 index of a Dirac operator coupled to V with characteristic
class a.
Remarks
1. f(a) = 0 for a = 0, in which case V =
⊕248O, i.e. 248 copies of a trivial bundle.
2. The comparison to type IIA requires a corresponding mod 2 invariant in KO(X10): For x ∈ K(X10),
j(x) is the mod 2 index with values in the KO class x⊗ x.
3. The refinement of the partition function to elliptic cohomology E in [24] introduces a mod 2 index with
values in the EO2(X
10) = Z2[q] class x⊗ x, where x is a class in E(X10).
4. f(a) cannot be a cubic function in a ∈ H4Z since that would have dimension 12, which is greater than
the dimensions of either X10 or Y 11.
The comparison between M-theory on Y 11 and type IIA string theory on X10 proceeds from the embed-
ding
SU(5)× SU(5)/Z5 ⊂ E8 (3.11)
so that out of two SU(5) vector bundles E and E′ of Chern classes c2(E) = −a and c2(E′) = −a′ one builds
an E8 bundle whose characteristic class is a+ a
′. This requires a and a′ to be elements of H4(X10,Z) that
lift to K-theory. The idea is then to compute f(a+ a′)− f(a)− f(a′). Using the decomposition (3.11), this
is ∫
X10
c2(E)c3(E
′) mod 2 =
∫
X10
c3(E)c2(E
′) mod 2. (3.12)
Since c1(E) = 0 then c3(E) = Sq
2(c2(E)) mod 2, and similarly for E
′. Then the main result on f(a) is that
it is a quadratic refinement of a bilinear form, i.e. f satisfies [9]
f(a+ a′) = f(a) + f(a′) +
∫
X10
a ∪ Sq2a′ . (3.13)
This has an interpretation in terms of cobordism as follows [9].
Remarks
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1. A result of Atiyah and Singer [2] states that the mod 2 index of the Dirac operator coupled to a vector
bundle V on a Spin manifold X vanishes if X is the boundary of a Spin manifold over which V extends. f(a)
can be regarded as a Z2-valued function which vanishes when a extends to a Spin manifold B
11 bounding
X10 [9]. The class a ∈ H4(X10,Z) can be extended to a bounding manifold B11 if and only if the map
µ : X10 → K(Z, 4) can be extended to a map µ′ : B11 → K(Z, 4), i.e. that (X10, a) is zero as an element of
the cobordism group Ωspin10 (K(Z, 4)). Thus f(a) can be viewed as an element of Hom
(
Ωspin10 (K(Z, 4)) ,Z2
)
.
More precisely, since f(a) = 0 for a = 0 then [9] f ∈ Hom
(
Ω˜spin10 (K(Z, 4)) ,Z2
)
.
2. A result of Stong [43] states that Ω˜spin10 (K(Z, 4)) = Z2 × Z2. Thus there are two invariants: one is linear
[43]
v(a) =
∫
X10
a ∪ w6 =
∫
X10
a ∪ Sq2w4, (3.14)
with v(a+ a′) = v(a) + v(a′), and another– the more relevant one– is nonlinear [28]
Q(a+ a′) =
∫
X10
a ∪ Sq2a′ =
∫
X10
(Sq2a) ∪ a′. (3.15)
Q(a1, a2) vanishes if both a1 and a2 can be extended to B
11 or if either a1 or a2 is zero. This leads to [9]:
Q(a1+ a2) is a homomorphism from the bordism group Ω
spin
10 (K(Z, 4) ∧K(Z, 4)) = Z2 to Z2. Thus, there is
only one cobordism invariant Q.
The first observation is straightforward
Observation 3.6. There is no DMW anomaly in the M-theory partition function for String manifolds.
Proof. The DMW anomaly for Spin manifolds is given by the vanishing of the seventh integral Stiefel-
Whitney class W7 = 0 [9]. Since W7 = Sq
3λ then λ = 0 implies that W7 = 0 and hence no anomaly. This
fact has also been observed in [24].
The invariant in the case of String cobordism is still the Landweber-Stong invariant Q(a1, a2) [21]. The
analysis follows that of [9]. The main result in this section is then
Theorem 3.7. The phases of M-theory and type IIA string theory coincide not just on Spin manifolds but
also on String manifolds, i.e. ΦM = ΦIIA. Consequently, the corresponding partition functions match.
3.3 The Cubic Refinement Law
In [8] the phase Φ of the M-theory partition function was interpreted as a cubic refinement of a trilinear
form on the group Hˇ4(Y 11) of degree four differential characters
Φ(123)Φ(1)Φ(2)Φ(3)
Φ(12)Φ(13)Φ(23)Φ
= (aˇ1aˇ2aˇ3)(Y
11) ∈ U(1) , (3.16)
where we denoted Φ(ijk) := Φ([Cˇ] + aˇi + aˇj + aˇk) and so on. The validity of this formula requires that Cˇ
and all aˇi, i = 1, 2, 3, 4, extend simultaneously on the same Spin twelve-dimensional manifold Z
12. In the
Spin case, the obstruction to extending (Y 11, a1, · · · , ak) is measured by Ωspin11 (∧kK(Z, 4)). The group is zero
for k = 1 by Stong’s result. The result for k = 2, 3, 4 follows from an application of the Atiyah-Hirzebruch
spectral sequence [8].
Now we would like to replace the String condition on Y 11 with the String condition, i.e. we will as-
sume that 12p1(Y
11) = 0. We know from [16] that ΩString11 = 0. Furthermore, we know from [21] that
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ΩString11 (∧kK(Z, 4)) = 0, for k = 1, 2. Extending the result to the case k = 3, 4 via the Atiyah-Hirzebruch
spectral sequence we get
Proposition 3.8. The cubic refinement law holds and is defined for String eleven-manifolds Y 11.
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